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H. E. Hoelscher, in his work pub- 
lished in the A.1.Ch.E. Journal, [9, 
569 (July, 1963)], deals with nonuni- 
form residence times and the produc- 
bon of intermediates in tubular reac- 
tors. In a tubular reactor, the author 
determines the intermediate R yield 
of two consecutive reactions of the first 
order, with no assumption of plug flow, 
by reckoning a comparative index of 
such yield with the yield obtainable 
with an ideal, uniform flow. Ths  in- 
dex, which practically consists of the 
ratio between the mean concentration 
of the intermediate R in both the above 
mentioned cases in a tubular element 
about the axis having diameter 2 

(u = i) , has been reckoned by 

means of the following Equation (6) ,  
where 

To draw Equation (6) the velocity 
profile has been reckoned according 
to Equation (4),  V = B ( l  - a"). 
Equation (6) could be extended for 
the whole flow writing uc = 1. 

The author integrated the local con- 
centration referring to the correspond- 
ing infinitesimal area, and then divided 
the integral value by the area of the 
section. The value resuIting from this 
calculation may be considered as a 
mean value, according to a geometrical 
concept. However, it is of no import- 
ance with regard to practical use. In 
our opinion such an integration should 
be better exploited by referring it to 
the fIow rate in the section taken into 
consideration. This is the only possible 
way to reckon the mean concentration 
value in the fluid coming out the re- 
actor. Thus it can be written 

For the whole duct it can be written 

and in laminar flow 

The results shown in Hoelscher's 
Figure 2 can be explained by his cal- 
culations; from these results it appears 

Ym(ffe = 1) 
Y,f(V, = 1) 

that is greater than 1, and 

the more the velocity profile differs 
from plug flow the more it increases. 
This is in contrast with the conclusions 
one comes to, even through physical 
reasoning, when in the proximity of 
the mean residence time in the reactor 

one has - < 0. In fact, in such a 

case, it is found that the increase of 
yield R in the fluid delayed in respect 
to the mean residence time in the re- 
actor, does not compensate the de- 
crease of yield in the fluid, the velocity 
of which is superior to the mean veloc- 

< 0 always occurs when k, ity. - 
= 0 and also occurs when k, # 0 for 
residence times of practical interest 
when R is the useful product. On the 
contrary, Hoelscher's results show val- 

d2 C, 
dt" 

d" C, 
dt" 

'Ym(uc = 1) 
ues of > 1, because the 

Y*ffUC = 1) _ I  ~ 

integration referring to the area of the 
section gives a fictitious increase of 
the influence of the slower liquid 
nearer the wall. 

As a demonstration, in Figure 1 we 
show in function of K ,  the values of 

m U c  = 
the ratio ( 'I, which we have 

Y*f(VT, = 1) 
reckoned through Equation (6) for Kl 
= 10' and n = 2 (laminar flow) and 
the corresponding values reckoned ac- 
cording to equation a. 

In Figure 1, K ,  and K2 have been 
used as parameters because in our dia- 
gram one value of n only has been 

Fig. 1. 
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taken into consideration, in contrast 
with Hoelscher's Figure 2. In fact, if 
n also varies, the shape of the velocity 
profile varies and consequently, if the 
volumetric flow rate is constant, B also 
varies. 

Therefore, K ,  and K ,  are not only 
functions of the volumetric flow rate 
and of the kinetic constants, but also 
depend upon n. Thus it is not advisa- 
ble to use them to make a comparison 
when variations of n occur. 

Equations (4),  (S), and (6) ,  and 
Figure 2, as well as the notation, are 
quoted from Hoelscher's work. 

NOTATION 

B 
= reagent 

see the equation of the veloc- 

ity profile V = B ( l  - u"), 
cm./s 

C = concentration, moles/cc. 
k,  
k, 

= rate constant of step 1, s-l 
= rate constant of step 2, s-' 

L 
Kl = k,-  adim 

B'  
L 
B 

K ,  = kZ-, adim 

L = reactor length, cm. 
n = constant in the equation of 

the velocity profile V = B ( 1  
- a"), adim 

= radial distance measured from 
axis of tube, cm. 

r 

R = intermediate product 
R 
- 

= radius of the tube, cm 

t = reaction time. s 

modified concentration ratio, 
adim 

V = local velocity, cm./s 
u = dimensionless position varia- 

T 
ble = =, adim 

R 
Subscripts 
ni = mean value 
o = initial value 
pf = plug flow value 
c = particular radial position 6 1 

On the Minimum Time Operation of a Batch Reactor 
HERMAN MUNICK 

Grumman Aircraft Engineering Corporation, Bethpoge, New York 

In a recent paper Cotter (1) treats 
the control problem of the minimum 
time operation of a batch reactor with 
a single exothennic reaction controlled 
by a cooling coil. The control variable 
is a function of the cooling water rate, 
and it is proved that the optimal con- 
trol is bang-bang. The main purpose 
of this present paper is to establish 
that for the time-optimal problem con- 
sdered by Cotter the optimal control 
is bang-bang with, at most, one dis- 
continuity point. Furthermore, the 
same result is established for vari- 
ous systems more general than the 
system considered by Cotter (1). The 
control theory terminology of Pontrya- 
gin et al. ( 2 )  i s  used throughout the 
paper. An assumption for the analysis 
is that an optimal control exists for 
the time-optimal problems under con- 
sideration. Some aspects of the present 
paper have also been discussed from a 
more general point of view by Hermes 
and Haynes (3).  

MINIMUM TIME OPERATION OF A 
BATCH REACTOR 

Cotter (1) treats the problem of the 
minimum time operation of a batch 
reactor with a single exothermic reac- 
tion controlled by a cooling coil. The 
reaction is pseudo first order. Cotter 
considers an irreversible reaction with 

rate = - xk,( T )  (1)  
The system equations are given by 

For Equations (2) and (3)  Cotter 
chooses the function cp as the control 
variable and assumes the state varia- 
bles are given initially by x ( t . ) ,  T ( t , )  
and at  the final time by x ( t l ) ,  T ( t , ) .  

In the terminology of Pontryagin ( 2 ) ,  
the time-optimal problem consists of 
determining an admissible control 
p( t )  that transfers the phase point 
x ( t o ) ,  T(t.) to the phase point x ( t l ) ,  
T ( t , )  in least time. In reference 1, ad- 
missible controls are piecewise contin- 
uous functions in to 6 t L tl. Cotter 
establishes that the optimal control is 
bang-bang (1 ) . 

PROBLEM FORMULATION 

We shall analyze the problem 
treated by Cotter by considering a 
more general system of first-order dif- 
ferential equations. 

(Continued on page 764) 
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